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ABSTRACT: Thelattice-fluid theory for polymer solutions has been modified to account for strong interactions
(hydrogen bonding) between the polymer and solvent. The resultant model is an equation-of-state model
able to describe thermodynamic properties of these systems over an extended range of external conditions
from the ordinary liquid state up to the critical or supercritical state. The general case is treated where the
solvent self-associates and cross-associates with the polymer. The model has been tested against consistent
sets of experimental data on vapor pressures, heats of mixing, and volumes of mixing of chloroform + poly-
ether solutions. It is shown that the model is able to predict the sigmoidal-shaped isotherms characteristic

of these systems.

I. Introduction

Hydrogen bonding in polymer solutions has attracted
particular attention in recent years especially in bio-
applications.13 Aqueous polymer solutions are the most
interesting from the practical viewpoint. From the
theoretical viewpoint, hydrogen bonding, even in ordinary
liquid solutions, remains a challenge. Two major ap-
proaches, approximate in nature, are widely used: the
nonrandom molecular or group contribution approach#’
and the association or physical-chemical approach.8-11
Both approaches have been extended to polymer so-
lutions,!1P.12-14 and by their nature (rigid lattice theories)
they attribute the occurrence of the lower critical solution
temperature (LCST) in these systems exclusively to
hydrogen bond forming and breaking. Itis, however, well-
known that the compressible character of polymer solu-
tions may give rise to LCSTs even in systems of nonpolar
substances. Integration of the above approaches to
equation-of-state theories such as the Flory-Patterson-
Prigogine (FPP)!5-17 theory and the lattice-fluid (LF)1819
theory appears particularly attractive. It could give an
appropriate frame for studying associated polymer solu-
tions over extended ranges of temperature and pressure.

Inaseries of recent papers?® we have presented a lattice-
fluid associated solutions (LFAS) model by combining Flo-
ry’s theory for polydisperse polymer solutions?! with the
lattice-fluid theory of liquid mixtures.!®® The LFAS
model has been applied to self-associated molecules from
ordinary conditions up to their critical state. Only
consecutive linear association complexes have been con-
sidered so far. In multiassociated polymer solutions, the
association complexes are rather branched molecular
entities or “graft” copolymers and their enumeration is
nontrivial. In this work we will extend the LFAS model
to polymer solutions by adopting an enumeration scheme
similar to that of Matasuyama and Tanaka.l3 These
authors have not considered compressibility effects and
solvent self-association. The formalism presented here is
consistent with the previous formalism for nonmultias-
sociated molecules?® and reduces to it by the appropriate
substitution of the association parameters. Only the basic
thermodynamic properties of solutions will be considered
in this work. Phase-stability studies will be postponed
for a subsequent publication.

t On leave of absence from the Department of Chemical Engi-
neering, University of Thessaloniki, Thessaloniki 54006, Greece.
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II. Theory

The formalism presented in this section is applicable to
binary polymer and solvent systems where the solvent
self-associates and cross-associates with the polymer. The
polymer is considered as having m equivalent sites for
cross-association. Polymer/solvent systems where only
cross-association is possible constitute a special case of
the more general formalism presented here. Developments
in this section and the bulk of the nomenclature are based
on our previous work.2® Only the essentials will be given
here.

A. Basic Assumptions. Consider a mixture of Ny
solvent molecules with Ng polymer molecules at temper-
ature T and external pressure P. The following are
assumed:

1. The intermolecular interactions can be separated
into chemical (hydrogen bonding) and physical (van der
Waals forces). Asa consequence, the contributions tothe
basic thermodynamic quantities are separated into chem-
ical and physical.

2. Chemical interactions lead to the consecutive for-
mation of association complexes. In the present case we
consider two types of chemical interactions, namely, one
between solvent molecules A (self-association) and one
between solvent and polymer molecules (cross-association).
The association complexes are then homopolymers of A
and “graft” copolymers of A and B (A chains grafted onto
B). A schematic presentation of these association com-
plexes is shown in Figure 1. All reactions involved are
assumed to be characterized by only two equilibrium
constants (K and Kag)

Ka
A+ A=Ay

foralli,j =1 and

Kan
B+ A, « BA;

Formation of cyclic complexes is not considered in this
work.

3. The association complexes, when formed, interact
with each other only through physical forces. For the
description of this real polydisperse (co)polymer mixture,
we will use the LF theory of mixtures.18.19

According to LF, the molecules are considered to be
arranged on a quasilattice of N, sites, Ny of which are
empty. Itis further assumed that the molecules A, either
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Figure 1. Schematic presentation of a graft copolymer asso-
ciation complex between solvent A and polymer B. Polymer B
has seven association sites (m = 7). In this example one of its
sites is connected to a quadruplet of A (A,), two to triplets (Aj3),
two to doublets (Aj), one to a singlet (A;), and one is empty; i.e.,
me=1l,m=1my=2,mg=2,andmy=1

as free monomers or as repeating units in the (co)polymers,
are characterized by the same LF scaling parameters,
namely, ra subsegments per molecule, v*, close-packed
volume per subsegment, and an average interaction energy
per subsegment ¢*4. The corresponding quantities for
molecules B are rg, v*g, and ¢*g, respectively. The LF
scaling temperature and pressure are defined by

s
¢+, = E’*e,\ = RT*, = P*,0%, 1)

and similarly for molecule B. Thesa ineq 1 is the average
number of external contacts per subsegment A and e, the
interaction energy per contact A-A. For simplicity in this
work we will assume sy = sg. The formalism can easily
be extended to cover the general case sy # sp as shown
previously.1920 Besides mole fractions xs and xg, segment
fractions ¢ and ¢p will be used throughout. They are
defined as follows:

X ELEﬂsl—x (2)
A"N,+N; N B
ralNa ralNy

=1l=¢p 3)

Mixing and combining rules shall now be defined. The
one-fluid approach will be used here for the description
of our mixture. For the sake of simplicity, it is assumed
that the average volume per lattice site is given by the
linear relation

U* = 0%, + dpL*g 4)

This neutral choice guarantees that, as the temperature
approaches absolute zero, the volume of the mixture is
additive for the pure lattice fluid. That is, the volume of
mixing at absolute zero is zero. At finite temperatures
the physical or lattice-fluid contribution to the total volume
is

where § = 1 /pis the reduced volume of the system and p
the reduced density. The physical or lattice-fluid con-
tribution to the total potential energy of our mixture ig1819

—Epp = rNp(¢pe*, + dpe*s — 0,0pRTX ) = rNpe*  (6)
where the dimensionless binary interaction parameter X
is given by

RTX = ¢*, + ¢*g — 2¢*,4p (M
and

¢*,p = E(e*,e¥p) /2 (8)

The dimensionless binary parameter ¢ is expected to have
values close to unity (¢ = 1 is Berthelot’s rule). In this
work we set £ = 1.

B. Equilibrium Constants. A proper definition of
the equilibrium constants for the above association
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reactions is essential. According to our previous work,?
the following scheme may be conceived for the formation
of our (co)polymer mixture: (a) formation of association
complexes in their reference state of perfect orientation
from perfectly oriented monomers (subsegmental orien-
tation) at T and P; (b) disorientation of complexes; (¢)
mixing of disoriented complexes and empty sites until the
reduced volume of the system is equal to the final value
D of our mixture. This scheme, as described in detail in
ref 20a, leads to the following equations for the equilib-
rium constants K and Kp:

_ %A, ira
K, = ¢A ¢A Fra = pr, KX = exp(-AF$/RT) (9)
®ma.  irr
Ky =0t A8 50 KE = exp(-AFS5/RT)

5 _"AB
op0p (iry +rg)
A®B, (iry + g (10)

where KF and K-, are the classical Flory equilibrium
constants21 and AFA5 and AFS; are the free energy changes
upon hydrogen- bond formation during the above self-
association and cross-association reactions, respectively.
They are given by

AF} = AES + PAVS - TASY (11)
AFS, = AES,; + PAVS - TASY, (12)

where AE?, AV, and AS® are the energy, volume, and
entropy changes, respectively, upon hydrogen-bond for-
mation. As stressed repeatedly in previous works,20 the
quantities K¥ widely used in the literature as equilibrium
constants, depend on both the solution density and the
molecular size of the solvent monomer units:

-~ -~

p p
Ki=—K, and Kig=—K,; (13)
TA Ta

On the basis of these relations, we must now evaluate
the number of the associated complexes Ny, and Npy, in
the mixture. Repeated use of eq 9 for the consecutive
formation of the complex A; gives

NAi = NAI(Kid’A‘)i_I (14)

Smce the numbers Ny, are bounded, eq 14 requires

A¢ A < 1. Before proceeding further we must specify the
various graft copolymers in the real mixture according to
the number and type of their side chains A;.

Let m; be the number of A; side chains on the graft
copolymer of length i (i.e., m; A; chains, mz A chains, ...,
m, A, chains). This copolymer could be specified as
BA m,..m, 0T, in an abbreviated notation, as BAy,;. Inthe
example of Figure 1 we have m =7, m; = 1, mg = 2, mg
= 2, and myq = 1. Since there are only m possible grafting
sites, the number of grafts or AB bonds (mgy) is given by

i=1
where mg is the number of empty grafting sites. The
number of AA bonds within the grafts is

D G-Dm=m,-my (16)
i=1
where m, is the total number of A monomers associated
with polymer B. Theset{m,}specifies completely the graft
copolymer from the energetic viewpoint (excluding cyclical
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associations between side chains). The detailed sequence
of the side chains A; along the main chain B is not needed,
although a combinatorial factor, equal to the number of
ways of connecting a given set of side chains to the main-
chain polymer, is required.!® Taking this factor into
account and combining egs 10 and 14, we obtain for the
number of BAyn; complexes for a specified set {m;} (also
derived in the appendix)

F

=N ‘m'_ I& m“x
Bim \m.! ! F
molmyl..m, !\ KF

(KE s )™ (Kh )2™...(KE$, "™ (17)

Summation of Ng ,s over all sets {m;} yields the total
number Npg of the polymer molecules or

F mi
1 Do, = E LT Pt |-
A

fmy) {my} Hm i
i=0

F m KKBQSA m
Ng, 1+Z—(K da) | =Ng |14+ ——
KA l_KA¢A1

(18)

In terms of segment fractions eq 18 can be rewritten as

NBAW,

¢g = ¢Bl(1 +¥)" V= — (19

The corresponding conservation equation for A molecules
is

Ny=D iNy+2m Nos, (20)

i=1 {m;)

The first sum in eq 20 is

a[ZNAl
iN, = ———=N,.

A
i=1 a[KA¢A ]

a1 - K§¢A1]‘1 N,

1

(1-Kig, I’
1)

3lK%0, ]

Similarly for the second term in eq 20
-1
oNg mY¥(1+¥)™ N

mNps, = o= =
«zm.:’ T Mg (1-KEsy)

m¥ Ny

(22)
1+ ¥)(1-Ki¢a)

and thus eq 20 becomes

ba, m(r,/rg)¥op
(1-K§gs)? 1+ W)(1-Kip,)

Equations 19 and 23 reduce to the corresponding eqgs 21
and 22 of ref 20d, as they should, by setting m = 1 and
neglecting self-association of B. Note that eq 23 is a cubic
equation in ¢5,. The physically relevant solution for ¢a,
is positive, and Kiqb A, < 1 as noted after eq 14. The other
relevant concentration is ¢p,. It is obtained from eq 19
and ¢4, is determined from eq 23.

ba= (23)
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C. Basic Thermodynamic Quantities. The form of
phe equation of state of our mixture is the same as that
in the original LF equation,'® namely

P+ +Tn(1-p)+(1-1/Mp]=0  (20)
where 7 is the number average of segments per molecule

2+ rym N, + Z(er)NA

fmy}

F= (25a)
ZNBA| m T ZNA

or by using eqs 14, 18, and 20

ZNBAW + ZNA

lmll i=1

_—+¢ ra(1-KF¢,)  (25h)
i' raN, + rgNg rs ArA ATA

The reduced temperature, T, and pressure, P, are given
by

r= L _RT 5_ P _Pu*

r= T &’ P= P*  ¢*
As already mentioned, the basic assumption underlying
this model is that there is a physical (lattice-fluid) and a
chemical contribution to the basic mixing properties of
our system. Thus, the chemical contribution to the
potential energy of the system is

Epem = Az(l - I)NA + AE%ZI:(m mab)NBAl J +
{m;
ZmabN BA, 27

imi}

(26)

By using
aNB
ZmabNAB,m, AB~ = NBlm¢(1 + ‘I’)m—l =
tmil ; aKiB
mv¥
Ng (28)
1+ %)
and eqs 18, 21, and 22, E¢hem becomes
V4
chem/N = xAKA¢A AEO + xBln_:_ \I,AE (29)

The two factors in the above equation have a simple
interpretation: K¢, is the fraction of A monomer that
is bound in pure A sequences (A;) or in side chains on
polymer B (BAj); m¥/(1 + ¥) is the average number of
AB graft or side chains on polymer B. Entirely analogous
to Echem is an expression for the volume chemical con-
tribution to the system:

Vehem/N = xAKX‘f’AlAVg + xsﬂ_\P\I,AVQAB (30)
The heat and volume of mixing are then
HE/N = r(¢apac*s + dpope*p = pe*) +
/N - x,K5¢% AE(}‘ (31)

chem

and
Venem! N = 2, K403 AV} (32)

where ¢A is the free monomer segment fraction in pure
solvent A.19a
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Table I
Lattice-Fluid Scaling Parameters for Pure Components
fluid ™ K P*, MPa p*, kg/m?
chloroform 499 476 1709
poly(ethylene oxide) 541 605 1172
poly(propylene oxide) 529 421 1093

The form of the equations for the chemical potential is
the same as that in our previous work.!? For component
A it is (derived in the appendix)
ua/RT =uy /RT =In¢, +1-ry/F+ raodsX +

ral=p/Ty+ Pyo/Ty+0(1-p)In(1-p)+
In (p/wy)/ral (33)
and similarly for component B. wy, in eq 33 is a constant
characteristic of component A that can be ignored in all
applications of interest. The pressure term is also ignor-
able under the usual conditions of atmospheric pressure.
The free monomer concentration ¢4, is determined from

eq 23. The Gibbs free energy of the associated solution
is given by the usual

or more explicitly by

da ¢B 11
G/kT=rN| —In¢, + —In¢g +---}+
ra ' rg Yr o F

p Po .1
I‘N[—C—_I,‘_"FF'*(E”I)In(l_p)+;lnp] (35)

where r, as before, is the number-average value of the r;
prior to any association reactions; i.e.

ba , ¢
r=ux,ry+ xgrg Or %=r—:+r—: (36)

Using eqs 23 and 21b, it can be easily verified that

_ Ki¢s, m¥oy
- Ta rB(l + V)

1
;

~n =

(37)

III. Applications

In this section we apply the formalism to chloroform +
polyether systems. In these systems hydrogen bonding
occurs, primarily, through cross-association of the poly-
ether and chloroform. This is a special case and the

appropriate formalism may be obtained by setting Ki =
0 in the above formalism (self-association of chloroform
is neglected). For two such systems [chloroform + poly-
(ethylene oxide) (PEO), chloroform + poly(propylene
oxide) (PPO)] Malcolm et al.2223 have provided excellent
experimental data on vapor pressures, heats of mixing,
volumes of mixing, and volumetric properties of pure
components appropriate for testing the model. The vol-
umetric properties of pure components along with data
on thermal expansion coefficients provided by Allen et
al.2¢ have been used to obtain the lattice-fluid scaling
parameters of the polymers presented in Table I.

The extent of hydrogen bonding and its contribution to
the thermodynamic properties of the systems are com-
pletely determined by specifying the hydrogen-bonding
energy AESg, entropy ASSg, and volume AVSg. Unfor-
tunately there are no a priori estimations of these three
parameters. They must, however, be nearly the same for
the two systems studied. Inorder to test this hypothesis,
we have used the available experimental data for the
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Figure 2. Experimental and calculated heats of mixing for the
system CHCl;-PEO at 5.53 °C. Experimental data? are denoted
by dotted opencircles: (—) calculated with the present association
model; (- - -) calculated by the LF model without association (¢
= 1). See Table I for the equation of state parameters.

-1.0 T T T T T T
VE F 092, A
oA .
L o 4
-05r ,”-‘\\e ]
- // \\\ -
/ ~e ]

/ \\
/ \ 1
OO.O 05 W 10
2

Figure 3. Experimental? and calculated volumes of mixing for
the system CHCl;-PEO at 5.53 °C. Symbols are as in Figure 2.
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Figure 4. Experimental?® and calculated vapor pressures for
the system CHCL;-PEO at 5.53 °C. Symbols are as in Figure 2.

system CHCls-PEO for determining the above three
unknown parameters. These parameters have then been
used to predict the behavior of the second system CHCl3—~
PPO. The values of the parameters are AE g = —11.44
kJ/mol, ASS = -9.74 J/mol-K, and AV3g = —0.85 cm3/
mol that yields a Kag = 31.4 at 25 °C. These parameters
are within the range of expected values for comparable
systems.®25 In the system CHCl3-PEO the number of
cross-association sites, m, was set equal to 7, which is the
number of -CH;CH;0- repeating units in PEQ. Exper-
imental and calculated heats of mixing, volumes of mixing,
and vapor pressures for the system CHCl3~-PEO are
presented in Figures 2-4, respectively. As observed in
Figure 2 the chemical contribution is the overwhelming
contribution to the heat of mixing. The physical contri-
bution to the volume of mixing is not, however, negligible
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Figure5. Experimental??and calculated heats of mixing for the
system CHCIl;~PPO at 5.53 °C. Symbols are as in Figure 2.
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Figure 6. Experimental?? andb calculated vapor pressures for
the system CHCl3-PPO at 5.53 °C. Symbols are as in Figure 2.

as observed in Figure 3. The most peculiar behavior of
this system is its sigmoidal-shaped vapor pressure isotherm
shown in Figure 4. Similar isotherms have been observed
in aqueous solutions of agar—agar? and nitrocellulose +
ketones?” where cross-association reactions are also of
primary importance. As shown in Figure 4, the present
association model is able to reproduce quantitatively this
sigmoidal-shaped isotherm by adjusting only the hydrogen-
bonding parameters (AE3zandASSp). In the same figure
isshown the calculated isotherm of the lattice-fluid model
neglecting association (¢ = 1).

Before using the above hydrogen-bonding parameters
to the CHCl3-PPO mixture, we must recognize that the
presence of the pendant —-CHj group near —-O- in PPO
limits significantly the available space for the association
with CHCls. This fact, in conjunction with the bulkiness
of the CHCly molecule itself, makes unlikely the possibility
that every oxygen atom in the PPO molecule is associated
with a CHCl; molecule. There should not be, however,
significant steric hindrance for the association with every
second oxygen atom along the PEO chain. On this basis,
the number of association sites, m, in the PPO was set
equal to 18, i.e., equal to half the number of -CHCH3-
CH0- repeat units. In Figures 5 and 6 are shown the
experimental and predicted heats of mixing and vapor
pressures, respectively, of the system CHCIl;-PPO. As
observed, the agreement is almost quantitative. Once
again the vapor pressure isotherm of this system is sig-
moidal-shaped. In the same figures are shown the
predictions of the LF model without association. The
volumes of mixing are not reproduced as quantitatively
as the other mixing properties. Geometrical packing is
more important in this system, implying a more significant
physical contribution to the excess volume. The minimum
(maximum in absolute value) excess volume predicted by
the present model is -0.0037 cm3/cm3. The correspond-
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ing experimental value is -0.0104 ¢m3/em3,

IV. Discussion

Intesting the predictive character of the model, we have
argued about the availability of oxygen atoms in PPO for
hydrogen bonding and fixed m equal to 18. An alternative
approach would be the consideration of all 36 oxygen atoms
in the PPO molecule as equivalent. Inthis case the cross-
association entropy is expected to be different from that
calculated for PEO. Since, however, there is not available
a tractable scheme for calculation of this entropy from
first principles, we have preferred the first alternative in
order to avoid further adjustment of parameters. The
validity could further be tested if similar experimental
data were available for solutions in CHCl; of other mo-
lecular weight PPO. Itis hoped that the present work will
motivate such experimental work.

The model presented in this paper has been tested only
against data on excess thermodynamic properties. One
significant component, however, of the model is its ability
to predict both an upper and a lower critical solution tem-
perature (UCST and LCST) for these associated polymer
solutions. One particular class of polymer solutions that
is both of theoretical and practical interest is aqueous
polymer solutions. The formalism presented in this work
is valid for solvents forming linear association complexes
such asalcohols oramines. Proper application of the model
to aqueous solutions requires recognition of the network-
forming character of water. This is postponed for a
forthcoming publication along with the development of a
model for self-associated polymers and polymer mixtures.

Appendix

Formally, the constant pressure-temperature partition
function for this system is

Z= ) exp(-BAube) ) Oup exp[-BlELs + PVyp)]
INA,';NBA]'] N0=0 (A 1)

where Aud.n is the net change in the free energy during
hydrogen-bond formation. It is given by

A""(c)hem = A/J,(?AZ(I, - I)NAI» + A/‘ng(ma - mab)NBA‘md +
i

fmy)

Aufp)_maNga,, (A2)

{my

where as before mgp, = Y ;=1m; is the number of AB bonds
in the BAjp,; complex with the set of side chains {m;} = {my,
my, Mg, ..., Mpl; My = _i=1(i — 1)m; is the total number of
A units incorporated into the side chains m,, my, ..., m,.
The partition function must be summed over all allowable
values of Nj; and Npy, consistent with the constraints on
the system, eqs 18 and 20. Epr and Vir are the lattice-
fluid energy and volume given by eqs 6 and 5. The number
of ways that the various molecular species can be placed
on a lattice of Ny + raNa + rgNg = rND sites is given in
the Flory approximation by!8a

No w Na; w Npa;
1 H A; ’H BA; /
fo/ Gt \fa] iBA}\TBa,

where Ny is the number of empty sites, fo is the fraction
of empty sites
N, N, ©0-1

o= N FrN TN, N6 5 17 A4
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and similarly

_(rB+jrA) -

jr
A = ¢BAJP (A.5)

fa, = vNp = Oaf 804 fon, = R
The w's are the number of molecular configurations
available to a molecule on a filled lattice. In the simplest
approximation and for a flexible molecule of size r, it is

given by!ée

2- 1)” (A6)

o=
where z is coordination number of the lattice. The product
over {BA;} means that this is a product over all distin-
guishable BA; complexes. Specification of the set {m;} is
not sufficient to distinguish a BA; complex. For a given
set{m;} there are m!/(mo!my!...my!) distinguishable species.
Let BAjy,, be the kth distinguishable species from the set
{mi}. Then the product over {BA;} can be written formally
as a double product over all possible sets {m;} and all
distinguishable members of these sets:

wWpa. Naa, WA, Neapn,,
(=) - an
iBA \ fea, mi 18 \fBa,,

The numbers Ng, and Ng,  are related by

Nga,, = ZNBAW (A7)
1k}

where there are m!/(mglm;l...m,!) terms in the sum and

Np=2 D N, (A.8)

tmi 1k}

Notice that the w’s only depend on the size, rg + mgra, of
the association complex and not the details of its con-
nectivity. In the Flory approximation linear chains and
branched chains have the same «’s if they contain the
same number of monomer units. The unassociated or free
polymer B (designated as B;) is included in the above
when my = m.

The partition function (eq A.1) must be summed over
all possible values of the occupation numbers Ny, and
Nga,. However, at equilibrium these numbers will take

on véfues that make the generic term in the partition
function a maximum. To determine the equilibrium
values, we impose the conditions of equilibrium to all
possible equilibrium associations. For example, the as-
sociation reactions

B, +mA +mA,+ ..+ mA, ~
B, + Ay

imdM=my

~BA,

must hold for every distinguishable species BA,,; i.e.

B, + ZlmiAi <B,+A, <BA,,

At equilibrium the corresponding equality among the
chemical potentials is

wp, t Zmi“Ai =up tha Shea (A.9)
<

Formally, these chemical potentials are obtained from the
partition function by

dlnZ
()
' oN; TPN, ;0

where N, is the number of speciesi. From the conservation

(A.10)
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relation

NA = j—leNA’; + ZZmaNBAimﬂk (A.ll)

tmi ik}

and the corresponding relation for Ng given in eq A.8, we
have

oN, dNg
3N, =m, and 3N, =0 (A.12)
MNa_o ana Dy (A.13
aNg % ANy 13)
aN, aNg
N m, and IN | =1 (A.14)
tmile imile

Using these results, we obtain for the chemical potentials
K, = RT[In f)d)Am. ~In @A, +1-rym,/Fl+
rampl-¢*s + ¢5’RTX] + rym [Pov*, +
RT(®-1)In(1-p)] + (m,- DA} (A.15)

#g, = RT(ln ;"pr ~lnwg +1-rg/F] + rgol—e*g +
¢,RTX] + rgiPov*y + RT(5 - 1) In (1 - p)} (A.16)
bea, = RT(In ;¢BAM -Inwg, +
1-(rym, +rg)/F] + p[-ryme*, - rge*g +
(rAma¢aB2 + rBd)AZ)RTX] + Po(rymv*, + rgv*g) +
(ramg + re)RT(® - 1) In (1 - p) + (m, - my) Aul +
mydulp (A17)

Notice that in the special case of m, = 1, eq A.15 reduces
to eq 33 in the text.

Using these chemical potentials in the equilibrium
equation (eq A.9) yields

BAlmi)h wBl A"‘n 0 0 0
In|g——m—]-1= B["AﬂA + mab(AﬂA - AF’-AB)]
¢a, ®B, “Ba,
(A.18a)

or by using eq A.6, we have
NBAllﬂilk 0 0 1]
bV = (2= 1) expl-8[Aus + may(Auy — Sugp)l}
A, VB,
(A.18Db)
Defining the equilibrium constants (cf. eqs 10-13)
K, = (z - 1) exp(-BAu}) = exp(-8AFy)  (A.19)

Kyg=(2-1) exp(—ﬁAugB) = exp(—BAFgB)

(A.20)
Equation A.18b can be written as
NA K Mab
= L pt AB =
NBAtmn. =NeTN pKA( K, )
n KiB Mg
Ng (K3da) ( i ) (A.18¢)

where eqs 13 and 14 have been used. Summing over all
distinguishable members of the set {m;} yields eq 17.
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The equation of state eq 24 is obtained by finding the
value of Npthat yields a maximum in the partition function
A.1.18 The appropriate derivative is taken, holding all
occupation numbers N, and Nga, constant.
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